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Abstract 

We show that the (M5, M2, M2', MW) bound state solution of eleven dimensional super- 
gravity recently constructed in hep-th/0009147 is related to the (M5, M2) bound state one by 
a finite Lorentz boost along a M5-brane direction perpendicular to the M2-brane. Given the 
(M5, M2) bound state as a defining system for OM theory and the above relation between this 
system and the (M5, M2, M2', MW) bound state, we test the recently proposed V-duality con- 
jecture in OM theory. Insisting to have a decoupled OM theory, we find that the allowed Lorentz 
boost has to be infinitesimally small, therefore resulting in a family of OM theories related by 
Galilean boosts. We argue that such related OM theories are equivalent to each other. In other 
words, V-duality holds for OM theory as well. Upon compactification on either an electric or 
a 'magnetic' circle (plus T-dualities as well), the V-duality for OM theory gives the known one 
for either noncommutative open string theories or noncommutative Yang-Mills theories. This 
further implies that V-duality holds in general for the little m-theory without gravity. 
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1 Introduction 



Recently there is a surge of interest in studying the effect of a constant background Neveu- 
Schwarz (NS) B field on the decoupled theory of D-branes in superstring theory. It has 
been found that the worldvolume coordinates of Dp-branes can become noncommutative 
along the directions of a nonvanishing I?-field. When the nonzero B field is space-like, one 
can define a decoupling limit for a noncommutative Yang-Mills theory (NCYM), i.e., a 
noncommutative field theory On the other hand, if the B field is time-like, a so-called 
noncommutative open string (NCOS) theory can be achieved || [|. 

The counterpart of NS B field in M-theory is a three-form C-field. Here we have an 
open M2 brane ending on M5-branes which plays a similar role as an open string ending on 
Dp-branes does in superstring theory. So a natural question is to ask whether there exists 
a decoupled theory in M-theory in which the C field plays a similar role as the NS B field 
does to the decoupled theories of D-branes in string theory fl], f|, [5|, |,|7|, H ■ Indeed it has 
been found that a near-critical electric field Cou defines a decoupled theory in M-theory, 



namely OM theory p], [Hi. The physical picture here is that the electric force due to 



the near-critical electric field C012 balances the open membrane tension such that we end 
up with a finite proper tension in the decoupling from the bulk (i.e., sending the eleven- 
dimensional Planck length to zero). Furthermore the compactification of OM theory on a 
magnetic circle yields a (1 + 4)-dimensional noncommutative Yang-Mills theory (NCYM) 
with a space-space noncommutativity. Recall that the (1 + 4)-dimensional NCYM is 
not renormalizable and new degrees of freedom enter when the energy reaches around 
l/g Y M- Thus the OM theory provides the high energy completion of the NCYM. On 
the other hand, the compactification of OM theory on an electric circle gives a (1 + 
4)-dimensional NCOS theory with a space-time noncommutativity. Thus OM theory 
provides a description of the NCOS theory when its coupling is strong. Therefore the (1 
+ 4)-dimensional NCYM and NCOS have a unified origin in six dimensions: OM theory. 
The relation of OM theory to the NCOS is quite similar to that between M theory and 
IIA superstring theory. 

In general, a constant Coi2-field can be traded to a constant M5 brane worldvolume 3- 
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form field strength^] Hqu- From the M5 brane worldvolume perspective, an M5 brane with 
a constant i/012 represents a non-threshold bound state of this M5 brane with delocalized 
M2 branes along two of the 5 spatial directions of the M5 brane. The gravity configuration 
for this (M5, M2) bound state was given in JllJ. Recently the gravity configuration of 
a more general non-threshold (M5, M2, M2', MW) bound state has been constructed in 
|T2|j by uplifting the known (D4, D2, D2', DO) bound state solution of the 10-dimensional 
type IIA supergravity ]13j |14| to 1 1-dimensions. This bound state preserves also 1/2 
spacetime supersymmetries just as the (M5, M2) bound state does. Here MW stands for 
M-wave and M2 and M2' denote the corresponding delocalized M2 branes, respectively, 
along directions orthogonal to each other on the M5 brane worldvolume. 

Given that the asymptotic configuration of the (M5, M2, M2', MW) bound state is 
related to that of the (M5, M2) bound state by a finite Lorentz boost and the two bound 
states preserve the same number of spacetime supersymmetry, one must be wondering if 
the two bound states are in general related to each other by such a boost. This is not 
obvious at all if one simply examines the corresponding gravity configurations of the two 
bound states. We will show in the following section that this is indeed true. Given this 
result, it is natural for us to test whether the recently proposed boost-related V-duality, 
first for NCOS in (jDJ and then elaborated and extended to more general cases in fl6|| , 
works for OM theory as well. We will investigate this in the present paper and the answer 
is positive. 

This paper is organized as follows: In section 2, we show that the (M5, M2, M2', MW) 
bound state is indeed related to the (M5, M2) bound state by a finite Lorentz boost along a 
direction perpendicular to the M2 brane. In section 3, we show that insisting a decoupled 
OM theory allows only an infinitesimal Lorentz boost which appears to be a Galilean one 
for the decoupled OM theory. In other words, the allowed non-trivial spacetime boosts 
connecting a deformed OM theory to the original one are Galilean onesQ conjecturally 
they result in physically equivalent theories. We will discuss the V-duality for OM theory 
1 The non-linear self-duality relation implies the presence of #345 as well. The same should be true for 

C345- 

2 There are some subtleties here when the boost is not perpendicular to the original M2 directions. 
We will discuss this in jl7| |. The 'non-trivial spacetime boost' here means those which are not in the 
symmetry group SO(l, 2) of the original OM theory. 
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both from the gravity perspective and from the M5 brane worldvolume perspective. In 
section 4, we consider the compactification of the deformed OM theory on either an 
'electric' circle or a 'magnetic' circle^]. We find that the V-duality for OM theory gives 
the corresponding known V-duality for either NCOS or NCYM discussed in |~5], [L6[ . We 
conclude this paper in section 5. 



2 The (M5, M2, M2', MW) bound state 

In this section we show that the (M5, M2, M2', MW) bound state, recently constructed 
in |]T^| by uplifting the known (D4, D2, D2', DO) bound state to 11-dimensions, can also 
be obtained from the (M5, M2) bound state by a finite Lorentz boost along a M5-brane 
direction perpendicular to the M2-brane. We start with the supergravity solution of the 
(M5, M2) bound state 0, 



ds 2 = H-^h- 1 '* [-dt 2 + (dx 1 ) 2 + (dx 2 ) 2 + h ((dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 ) 

+H(dr 2 + r 2 dQ 2 4 ) 
IpC = H^ 1 sin adt A dx 1 A dx 2 - H^h tan adx 3 A dx 4 A dx 5 
F 4 = 3vrMje 4 , (2.1) 

where l p is the Planck constant in 11-dimensions, N is the number of M5-branes in the 
bound state, e 4 is the volume form of 4-sphere with a unit radius, and the function h and 
the harmonic function H are defined as 

H = l + -, /T 1 = i/" 1 sin 2 a + cos 2 a, (2.2) 



cos a r 3 ' 



with R 3 = nNl 3 p . 



We now Lorentz boost this system along the x 5 -direction with a boost parameter 7, 



t — > t cosh 7 — x 5 sinh7, x b — > x b cosh 7 — t sinh7, (2-3) 



3 Here the 'electric' or 'magnetic' circle is denned with respect to the original OM theory without 
the boost. In other words, an 'electric' direction is either the x l or the x 2 direction while a 'magnetic' 
direction is any of the directions. Here the definition for either 'electric' or 'magnetic' direction 

is not perfect since we have nonvanishing C034. But these are just convenient names which will be used 
later when we consider compactifications of the deformed OM theory. 
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and we end up with 



ds 2 = H-^h-^l-dt 2 + (dx 1 ) 2 + (dx2) 2 + (dx 5 ) 2 + h((dx 3 ) 2 + (dx 4 ) 2 ) 

+ (h- l)(cosh7cix 5 - smh-fdt) 2 + H(dr 2 + r 2 (ffil)], 
IpC = H _1 (sin a cosh jdt A dx 1 A dx 2 — sin a sinh "fdx 1 A dx 2 A dx 5 

+ h tan a sinh 7 dt A dx 3 A <ix 4 — /i tan a cosh 7<ix 3 A dx 4 A cfe 5 ), (2.4) 



where the 4-form field strength F 4 as given in ( |2.1| ) remains the same. Defining 

sin 62 



cos 6*i 
sin 61 

cos 62 

we then haveQ 



sin a cosh 7, tan 9\ = sin a sinh 7, 
tan a sinh 7, tan 9 2 = tana cosh 7, (2.5) 



cos 6» 2 sin 6» 2 1 sin6»i 1 

cosa = — , cosh7= , smh7 = . (2.o) 

cos 9\ cos 6*1 sin a cos tf 2 tan a 

Further if we set 

E>3 

H' = l + - a 7r- v K 1 = H'- 1 sm 2 e i + cos 2 e i , 2 = 1,2, (2.7) 

COS V\ COS V 2 r 

we can derive 

H = H'hi 1 , h- l = h 1 h 2 - 1 . (2.8) 
Using the above relations, the solution ( |2.4j ) can be expressed as 

ds 2 = H'- 1 / 3 h^ 1/3 h 2 1/3 [~h 1 dt 2 + hddx 1 ) 2 + (dx 2 ) 2 ) + h 2 ((dx 3 ) 2 + (dx 4 ) 2 ) 

+ (h 2 - hx)(coshjdx 5 - sinh 7 dt) 2 + H'(dr 2 + r 2 dQ 2 A )]. (2.9) 

Using the following three identities, 

-h x + (h 2 - /ii)sinh 2 7 = -1 + hxh 2 sin 2 6x sin 2 9 2 (H'- 1 - l) 2 , 
^1 + (^2 — ^1) cosh 2 7 = hxh 2 , 

-2(h 2 - /ii) cosh 7 sinh 7 = 2h 2 h 1 (H'- 1 - I)sin0isin0 2 , (2.10) 



4 Here we obtain the boosted configuration only for cos O2 < cos#i. The case with cos 6*2 > cos#i 
can be obtained by the same boost but now on the (M5, M2) bound state with M2 branes along x 3 x 4 
directions. 



as 



we can re-express the boosted solution 

ds 2 = H'-^h^h^i-dt 2 + hddx 1 ) 2 + (dx 2 ) 2 ) + h 2 ((dx 3 ) 2 + (dx 4 

+ h x h 2 (dx 5 + sinfli sm6 2 (H'- 1 - l)dt) 2 + H'(dr 2 + r 2 dtt\% (2.11) 



and 



llC = H'^C^^hxdt A dx 1 A dx 2 + ^^-h 2 dt A dx 3 A dx A 
p cos Oi cos 2 

— hi tan ^idx 1 A dx 2 A <ir 5 — /12 tan 9 2 dx 3 A <ix 4 A dx 5 ), 
F A = 3nNlle 4 . 



(2.12) 



Eqs.( |2.11| ) and (|2.12|) together are nothing but the gravity configuration of the (M5, M2, 
M2', MW) bound state that was recently constructed in fl2| by uplifting the (D4, D2, 
D2', DO) bound state solution 



13 1 to 11- dimensions. 



3 The Galilean nature of OM theory: V-duality 

In this section we intend to study a possible OM theory decoupling limit for the boosted 
(M5,M2) system as given in ( |2.4| ). The usual OM theory decoupling limit as given in |I(J 
is actually with respect to a static (M5, M2) system with non- vanishing asymptotic Cq\ 2 
and C345. The presence of C345 originates from a non- linear self-duality relation on the 
M5 brane worldvolume 3-form field strength |]18 , 19| . This decoupling limit requires a 



near-critical electric field Cq\ 2 whose force almost balances the open membrane tension in 
a limit in which the bulk gravity decouples. As a result, the open membrane is confined 
within the M5 brane worldvolume with a finite tension which defines the scale for the OM 
theory. 

For the boosted (M5,M2) system given in ( |2.4|) , one cannot blindly use the boosted 
electric component Cqi 2 to define the near-critical field limit, since in this case the net 
force acting on the open membrane is not merely due to this C$\ 2 and the other non- 
vanishing components of the background C-field such as C034 contribute to the net force 
as well. What we should account for is the total net force acting on the open membrane. 
Given the fact that we are considering a boosted system from the original static one, we 



6 



must conclude that the near-critical field limit obtained for the static case remains the 
same even for the present boosted system. 

The above indicates that a near-critical field limit is independent of a Lorentz boost. 
This in turn seemingly implies that a Lorentz boost is allowed for a decoupled OM theory. 
Our investigation in [HJ tells that except for a static configuration, a near-critical field 



limit itself is in general not enough to define a decoupled theory. In addition, either a well- 
defined decoupled gravity description or a proper open brane description (when available) 
is needed. In the following, we first discuss an OM theory decoupling limit for the boosted 
system in a gravity setup. We find that insisting a well-defined OM theory allows only 
infinitesimal Lorentz boost. This boost appears as a Galilean one to the decoupled theory. 



This indicates that the V-duality discussed recently in [L6| holds for OM theory as 
well. We will check this using the proposed open membrane metric in || [Kj as well. The 
conclusion remains the same. 

As mentioned above, the near-critical field limit for the boosted system remains the 
same as that for (M5, M2). In other words, we have now (e — > 0) 

l P = ^eff, cosa = e 3//2 . (3.1) 

Note that the scalings for the asymptotic transverse coordinates should remain the same 
as for the case without boost. This gives r = e 3 ^ 2 u with fixed u. With these, insisting the 
decoupling of a flat bulk region from that of the M5 branes requires further the following 

where with \x = 0, 1, • • • 5 (here x° = t) and v remain fixed. With the above, the gravity 
description of OM theory is now 

ds * = e 2 (-^j V3 h- 1 / 3 [~di 2 + (di 1 ) 2 + (dx 2 ) 2 + h((dx 3 ) 2 + (dx 4 ) 2 ) 

+h(dx 5 - vdt) 2 + (du 2 + u 2 dni) 

V? ~ — ■ 

C = „ di A dx 1 A dx 2 —^hdx 3 A dx 4 A (dx 5 - vdt), (3.3) 

where h~ l = 1 + u 3 /nNl 3 s . When v = 0, the gravity dual reduces to one for the usual 
OM theory 



The above results confirm our expectation. A well-defined decoupled OM theory 
requires the boost 7 = ve 3 ^ 2 to be infinitesimally small. This appears to be a Galilean 
boost which relates the usual OM theory to the present one through 

t -»• t, x 5 -+ x 5 - vt. (3.4) 

The background C-field (or the M5 brane worldvolume 3-form field strength H) is 
needed to define the OM theory. The presence of this field breaks the M5 brane world- 
volume Lorentz symmetry. But this breaking is spontaneous. We therefore expect that 
the OM theories resulting from the respective decouplings in such related backgrounds 
are physically equivalent. Along the same line as discussed in [|l(|, we have therefore 
V-duality holding true for OM theory. 

For the rest of this section, we make an independent check of what has been achieved 
above using the effective open membrane metric[](the one seen by the open membrane) 
recently proposed in || [L(J . The nonlinear self-duality condition for the M5 brane world- 



volume 3-form field strength H reads [B5 



^ tfivpaXrH 17 ^ — — - — (G 1 )^H upX , (3.5) 



where g^ u is the induced metric on the M5 brane, e 012345 = 1 and the scalar K and the 
tensor G are given by 



Z 6 

V 24 ' 

G„ = ^ (g,* + f#i) • (3-6) 

It is understood that the indices in the above equations are raised or lowered using the 
induced metric. It was argued in || [M that the symmetric tensor G pv is related to the 



effective open membrane metric up to a conformal factor. With an appropriate choice of 



the conformal factor, this proposed metric for OM theory was shown in |10| to reduce to 
the respective effective open string metric upon dimensional reductions. 



5 This metric was proposed to play a similar role as the effective open string metric given by Seiberg 
and Witten 0]. However, unlike the open string metric, this metric cannot be derived directly due to our 
inability at present to quantize the membrane. 
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For the boosted (M5,M2) given in ( |2.4j) , the asymptotic bulk metric and the C field 
along the M5 brane directions are 



ZpC = g 2 sin a cosh 7^ A dx 1 A dx 2 — gfg 3 sin a sinh 7<ix 1 A gK 2 A dx 5 

— g\g% tan a cosh 7<£c 3 A dx A dx 5 + ^ t an a smn idt A dx 3 A dx 4 , (3.7) 



where we have scaled the coordinates according to the symmetry of system under consid- 
eration. 

Recall that the C-field can be traded for the H-field. With this in mind and from 
we have 



/ 



hi/ 



Z 6 
4 



A 

r\ <?^(3+cos2a) 

U 4 







B 







9^(3+cos 2a) 
4 











2 





b\ 









3^(2+tan 2 a) q 
2 U 



c 



(3. 



and 



where 



l~H 2 = 6 sin 2 a tan 2 a. 



(3.9) 



— 2 + sin 2 a cosh 2 7 + tan 2 a sinh 2 7 g 3 (3 + cos 2a) sinh 27 tan 2 a 



gf (2 + sin 2 a sinh 2 7 + cosh 2 7 tan 2 a) 



(3.10) 



Following |10| , we propose the tensor G?' to be conformally related to the open membrane 



metric as 



Gftv = f(l b H 2 )G' 



(3.11) 



where / is a function of IpH 2 and is introduced such that the open membrane metric is 
finite in units of I 2 . However, the precise form for this function / has not been determined. 
Fortunately, this does not prevent us from making the present discussion. 
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Since the tensor G' differs from the true open membrane metric only by a conformal 
factor, we expect that at least its diagonal elements should scale the same way since they 
survive when the boost is set to zero. Further inspecting the tensor G' , we find that 
G'ni ^44 are independent of the boost as they should be. With the near-critical 

field limit ( |3.1| ), we have now g\ ~ 1,#2 ~ e 3 ^ 2 - These further imply that the A and C 
should be fixed, too. The former determines that the boost must be 7 = ve 3 ^ 2 with fixed 
v, i.e., infinitesimally small. The latter determines #3 ~ e 3 / 2 . These in turn imply that B 
is also fixed. If we set from the above the following, 



9i = !, 92 = 93 



,3/2 



7 



(3.12) 



we have 



fJbV 



-l+v 2 



V 








— V 



10 
10 
10 
1 




The above G' says that we can set / = 2e 2 such that 

l m 2 G,, 








1 



(3.13) 



(3.14) 



Once again the constant l e g sets the effective scale for the decoupled OM theory. The 
above open membrane metric G^ is related to the one without boost precisely by the 
Galilean boost (|3.4fJ as expected. 



4 Compactifications of the deformed OM theory 



In this section, we will show that the V-duality for NCOS and NCYM discussed in |TR ITJ 



can be obtained from the V-duality for OM theory discussed in the previous section 



through compactifications and T-dualities. As mentioned in flq| , the V-duality survives 
S-duality there. Since U-dualities for the big M-theory are believed to be inherited to 
the little m-theory without gravity, our study so far indicates that the U-duality related 
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decoupled theory has V-duality if the original decoupled theory does. This further enforces 
our conclusion made in |Tj| and to be reported in a forthcoming paper |L7j that V-duality 
holds in general in the little m-theory. 



4.1 Compactification on an electric circle 

In this subsection, we consider first the compactification of the deformed OM theory on 
an electric circle (on the direction x 2 for definiteness) following || . This will give a family 
of (1 + 4)-dimensional NCOS theories related by V-duality. Further applying T-duality 
on, for definiteness, x 3 , we end up with a family of (1 + 3)-dimensional NCOS related by 



V-duality which was discussed specifically in |15. [Tq| . In other words, the V-duality for 
OM theory is inherited to its descendant theories as well. 

Consider M-theory on R 10 x S' 1 (the circle is in the x 2 direction) with M5-branes wrap- 
ping the circle. Scale all bulk moduli as in the previous section for OM theory^ , i.e., 

l p = e 1(/3 Z efT , cos a = e 1//2 , 7 = ve 1 / 2 , 

9iw = r}iw 0", v = 0, 1, 2), gij = e5ij = 3, 4, 5), g mn = e5 mn (m, n = transverse), 
IpC = sin a cosh ^dt A dx l A dx 2 — e 1 ^ 2 sin a sinh 'jdx 1 A dx 2 A dx 5 

— e 3 / 2 tana cosh 'ydx 3 A dx 4, A dx 5 + e tan a sinh jdt A dx 3 A dx 4 , (4.1) 

where we have kept the cosines and sines as well as cosh's and sinh's in C for later 
convenience. 

The relation between M-theory and IIA implies that the above decoupled system is 
equivalent to a decoupled one of D4 branes in IIA theory with 

I I " o 1/2 -1/2 

a = ea efr , g 8 = cos a = e 1 , 7 = ve 1 , 

9iw = Vtw (A*> v = 0, 1), gij = eSij = 3, 4, 5), g mn = eS mn (m, n = transverse), 
2ira ' B = sin a cosh 70?^ A dx 1 + e 1//2 sin a sinh ^dx 1 A dx 5 , (4.2) 

where 

til \ tcff / 

6 For convenience of the present discussion, we have replaced the scaling parameter e used in the 
previous section by e 1 / 3 . 
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with R 2 the proper (also the coordinate) radius of the circle. 

The above is nothing but the scaling limit for (1 + 4)-dimensional NCOS. To see the 
V-duality, let us calculate the open string moduli using Seiberg-Witten relation Q and 
we have for the open string metric 

/ 



G. 



ad 



1 



V 2 ) 



-v ^ 



V 



10 

10 

1 

-v 





1 



(4.4) 



and for the nonvanishing noncommutative parameters 



6 



01 



2ira' eS , 9 = — 2itoi a „v 



cff ( 



(4.5) 



In the above, a, (5 — 0, 1, 3, 4, 5. 

The above describes a family of (1 + 4)-dimensional NCOS theories which are related 
to the one with v = by the following Galilean boost 



t -> L 



x 5 



x 5 - vt. 



(4.6) 



In other words, we have the V-duality for (1 + 4)-dimensional NCOS as discussed in [ |I~5| , 



16| which is now obtained from that for OM theory. 

T-duality of the above along, say, the x 3 direction with the coordinate radius R3, will 
give a family of (1 + 3)-dimensional NCOS theories which are related to the one with 
v = again by V-duality. The V-duality for this case was particularly studied in [TR 111 



Now we see that this V-duality can also be derived from that for OM theory. This T- 
duality leaves the noncommutative parameters intact and reduces trivially the open string 
metric in ( fOj) to rank 4 through dropping and G a3 . The changes are on the open 
string coupling and the T-dual radius (denoted as G Q and -R3, respectively) as 



a 



eff 



Gl 



G 2 \/a eS 



R2 



(4.7) 



where we have used Eq. 



R3 R3 
for the last equality in the second equation. We will not 



address potential subtleties (for examples, see 
of decoupled theories here. 



m. 



Ml) related to the T-dualities 
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4.2 Compact ificat ion on a magnetic circle 

The compactification of the deformed OM theory on a magnetic circleQ (say, a circle 
along the x 3 direction) follows the usual story to give a (1 + 4)-dimensional NCYM with 
a rank-2 noncommutative matrix. A further T-duality, say, along the x 2 direction gives 
(1 + 3)-dimensional NCYM with again a rank-2 noncommutative matrix. The V-duality 
for either (1 + 4)-dimensional or (1 + 3)-dimensional NCYM as discussed in | I6|| , as we 
will see, follows from that for OM theory. 

To begin with, consider M-theory again on R 10 x S 1 (but now the circle is along the x 3 
direction) with M5 branes wrapping on this circle. The scaling limits for the bulk moduli 
for OM theory is again given by Eq. ( |4.1| ). The relation between M-theory and IIA now 
implies that the above OM theory is equivalent to a decoupled theory of IIA theory as 



«' = e '«eff, 9s 



,1/2 /-R^ 3/2 



off 



COS Ot 



7 



ve' 



g»v = V,* (jt,v = 0, 1,2), gij = e <% = 4,5), g 



e o. 



27ia'B = —e tan a sinh jdt A dx , — e' tan a cosh jdx A dx, , 



transverse), 

(4.s; 



where we have set the new scaling parameter e' = e 1 / 2 and 



a. 



eff 



{ eff 
ill' 



(4.9) 



The above scaling limit is the one just for (1 + 4)-dimensional NCYM as expected. 
We actually have a family of (1 + 4)-dimensional NCYM theories which are related to 
the one corresponding to v = by a Galilean boost given in ( |4.6|) . We can see this easily 
by computing the Seiberg-Witten open string moduli, for the metric, 



G 



a/3 



-a 



v 2 ) 



-5^ 



V 







—V 



1 

1 

1 









1 



(4.10) 



7 The compactification along a; 5 -direction seems to give the usual (1 + 4)-dimensional NCYM. The 
boost is now an internal momentum and appears to be invisible to the NCYM. For this reason, we 
consider here only the compactification along either the x 3 or x 4 direction. 
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and for the nonvanishing noncommutative parameter 

e 45 = 27r^ ff . (4.ii) 

In the above, a, j3 = 0, 1, 2, 4, 5. 

The above open string metric is related to the one with v = by the Galilean boost 
and the noncommutative parameter remains intact under this boost as it should be. 



We therefore shows that the V-duality for NCYM as discussed in jL6) can also be obtained 
from that for OM theory. A T-duality of the above along, say, the x 2 -direction will give 
a family of (1 + 3)-dimensional NCYM theories which are again related to the one with 
v = by the V-duality discussed in [IB]. But we have it here from that for OM theory. 
This T-duality does not touch the noncommutative parameter but reduces trivially the 
open string metric to a rank-4 one through dropping G2/3 and G q2 - The changes are on 
the closed string coupling, the gauge coupling and the radius of circle in the T-dual, i.e., 
the x 2 -direction. If we denote the T-dual closed string coupling, coordinate radius and 
the gauge coupling as g s ,B,2 and g YM , respectively (the original ones as g s , R2, 9ym)i we 
have first 

p a 'cS n - n Jl/2 _ J R 3 (A 19 \ 

#2 --5-, 9s - g s e ~b — ~ e -5- > I 4 - 12 ) 

where we have used g s and a' eS given in Eqs. (|4.8|) and ( |4.9|) in the last equality of the 
second equation above. The Yang-Mills coupling for the (1 + 4)-dimensional NCYM can 
be calculated as 

The Yang-Mills coupling for the (1 + 3)-dimensional NCYM is related to the above as 

-2 9s 2 o -^3 I A 1 » \ 

9ym = ~ t^Sym = 27r ^ ; I 4 - 14 ) 

lng s ya -K2 

where we have used the relation between g s and g s as given above. 



5 Conclusion 

We show in this paper that the (M5, M2, M2', MW) bound state of M theory constructed 
recently in |l!| through uplifting the (D4, D2, D2', DO) bound state of IIA theory to 
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eleven dimensions is actually related to the (M5, M2) bound state of M-theory by a finite 
Lorentz boost along a M5 brane direction perpendicular to the M2-brane. This motivates 
us to consider the V-duality for OM theory. We find indeed that the V-duality holds 
for OM theory. The meaning of this is that the allowed non-trivial spacetime boost on 
a given OM theory is a Galilean one, and such related OM theories are also physically 
equivalent. Everything here goes along the same line as what has been discussed in [|TJ, 
for NCOS and NCYM. 

We further show that upon compactification on either an electric or a magnetic circle 
(as well as T-dualities), the V-duality for OM theory gives that for either NCOS or NCYM. 
This enforces our conclusion made in JL6] and to be reported in detail in a forthcoming 



paper |T7] that V-duality holds in general for little m-theory without gravity. It is also 
interesting to seek connections between V-duality discussed here and the recent work on 
the non-relativistic closed string theory (NRCS) and its strong coupling dual, i.e., the 
Galilean membrane theoryf] p5|. f|. pH|. We wish to report this in |17j . 
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